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ation/absorption on three-dimensional magnetohydrodynamic nanofluid flow over a nonlinearly
permeable stretching sheet. After using appropriate self -similarity transformation the governing
equations are solved numerically using bvp4c Matlab package. The effects of the non-
dimensional governing parameters on velocity, temperature and concentration profiles are discussed
with the help of graphs. Also, coefficient of skin friction and Nusselt number is analyzed and pre-
sented through tables. It is found that present results have an excellent agreement with the existed
studies under some special cases. Results indicate that an increase in space and temperature depen-
dent heat source or sink increases the temperature and concentration profiles of the flow. Dual solu-
tions exist only for certain range of power-law index.
 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Three-dimensional flow has many applications in solar collec-
tors, aeronautical engineering, science and technology. The
study of heat and mass transfer in magneto hydrodynamic
flows has wide range of applications in many industrial pro-
cesses such as crude oil purification, magnetic material pro-
cessing, geophysics and control the cooling rate. The flows
through porous media play an important role in groundwater
hydrology, insulation engineering, grain storage devices,groundwater pollution and purification process and petroleum
reservoirs. Steady three-dimensional flow of a nanofluid over a
nonlinearly stretching surface in the presence of thermophore-
sis and Brownian motion effects was studied by Khan et al. [1].
Pal et al. [2] discussed the viscous dissipation and thermal radi-
ation effects on MHD nanofluid flow past a non-linearly
stretching/shrinking surface. The first order chemical reaction
on an unsteady MHD boundary layer flow over a permeable
stretching surface with suction or blowing in the presence of
power-law variations was illustrated by Bhattacharya et al.
[3]. Nadeem et al. [4] presented a numerical analysis for steady
flow of a nanofluid past a stretching surface in the presence of
Brownian motion. MHD and radiative heat and mass transfer
analysis of a nanofluid over an exponentially stretching surface
with heat generation or absorption was discussed by Sandeep
Figure 1 Physical configuration and coordinate system.
152 C.S.K. Raju et al.and Sulochana [5]. The three-dimensional flow of an Oldroyd-
B fluid past a stretching sheet with convective boundary condi-
tions was examined by Hayat et al. [6]. Hussanien et al. [7] dis-
cussed the boundary layer analysis of flow and heat transfer in
a power-law fluid past a continuous stretching surface. MHD
flow of an electrically conducting power law fluid past a
stretching surface by considering uniform transverse magnetic
field was discussed by Anderson et al. [8]. Anbuchezhian et al.
[9] discussed the effect of thermal stratification on boundary
layer flow of a nanofluid in the presence of thermophoresis
and Brownian motion effects. Rahmann and Eltayeb [10]
investigated the heat transfer analysis of steady two-
dimensional MHD nanofluid flow over a nonlinearly stretch-
ing sheet with convective boundary conditions.
Thermophysical effect of carbon nanotubes on MHD flow
over a stretching surface was examined by Rizwan et al. [11].
Bachok et al. [12] have studied an unsteady viscous three-
dimensional boundary layer flow over a permeable stretching
surface and concluded that dual solutions exist only for certain
range of unsteadiness parameter. The partial slip and wall
mass transfer effect on MHD flow over a porous stretching
surface with space and temperature dependent internal heat
generation/absorption and radiation was discussed by Abdul
et al. [13]. Cortell [14] has analyzed the steady laminar MHD
flow of a viscoelastic fluid over a stretching surface with heat
source/sink. Sandeep et al. [15] discussed the chemical reaction
and radiation effects on the MHD flow past a vertical plate.
Raju et al. [16] extended the previous work by considering
Soret effect. Recently, Mustafa et al. [17] studied the steady
laminar axisymmetric flow of nanofluid past a non-linearly
radiative stretching surface in the presence of Brownian
motion. Steady laminar flow and heat transfer characteristics
of power-law fluid around unequally confined cylinder were
investigated by Sudheer et al. [18]. Abdel et al. [19] analyzed
the Brownian motion and variable thickness effects on the flow
over a moving surface. MHD boundary layer flow and heat
and mass transfer of an electrically conducting nanofluid past
a non-linear stretching surface in the presence of viscous dissi-
pation were numerically discussed by Mabood et al. [20]. Hang
[21] illustrated the heat transfer analysis of a bio-convection
nanofluid past a vertical plate.
Viscous dissipation effect on MHD boundary layer flow of
a nanofluid over a permeable stretching/shrinking surface has
been discussed by Ruchika et al. [22]. Anuj Kumar et al. [23]
presented the numerical analysis for power-law fluid flow
and heat transfer around an unequally semicircular cylinder.
Heat transfer characteristics and entropy analysis in the paral-
lel plate flow of power-law fluid with thermal boundary condi-
tions were depicted by Lopez et al. [24]. Lin et al. [25] analyzed
the double-pass flat plate heat exchanger with internal recycle
effect. A steady laminar free convection flow of power-law flu-
ids in the presence of shear-dependent viscosity was investi-
gated by Guptha et al. [26]. A Cross-diffusion and radiation
effect on the flow through a stretching sheet in the presence
of inclined magnetic field was investigated by Raju et al.
[27]. Stability analysis on MHD stagnation point flow over a
stretching sheet was discussed by Sharma et al. [28]. Lok
et al. [29] discussed the MHD stagnation point flow over a
shrinking sheet. Ellahi and Hameed [30] presented a numerical
analysis for steady non-Newtonian flows in the presence of slip
effects.In this study we analyzed the effect of space and tempera-
ture dependent heat generation or absorption on three-
dimensional magnetohydrodynamic nanofluid flow over a
nonlinearly permeable stretching sheet. We considered nano-
fluid volume fraction on the boundary is submissive con-
trolled, which makes the present study entirely different from
the earlier studies and physically more realistic. After self-sim-
ilarity transformation the governing equations are solved
numerically by using bvp4c Matlab package. The effects of
the non-dimensional governing parameters on velocity, tem-
perature and concentration profiles are discussed and pre-
sented with the help of graphs. Also, coefficient of skin
friction and Nusselt number is analyzed and presented through
tables.
2. Mathematical formulation
Consider an incompressible three-dimensional flow of a nano-
fluid past a nonlinearly permeable stretching sheet. The sheet
moves with the non-uniform velocities uw ¼ aðxþ yÞn,
vw ¼ bðxþ yÞn along x and y directions respectively as shown
in Fig. 1. Here a; b; n > 0. A variable magnetic field and non-
uniform heat source/sink applied to the flow. The sheet is
maintained at constant temperature Tw. The mass flux of the
nano particles near the surface is assumed to be zero. T1
and C1 denote the ambient values temperature and nano par-
ticle volume fraction respectively.
The equations governing the three-dimensional flow with
heat and mass transfer can be expressed under usual boundary
assumptions as
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with the boundary conditions
u ¼ uw ¼ aðxþ yÞn; v ¼ vw ¼ bðxþ yÞn;w ¼ 0;
T ¼ Tw;DB @C
@z
þ DT
T1
@T
@z
¼ 0; at z ¼ 0;
u! 0; v! 0;T! T1;C! C1; as z!1; ð6Þ
where u, v and w are the velocity components in the x; y and z
directions respectively, q is the fluid density, p is the pressure, m
represents kinematic viscosity, r is the electrical conductivity,
B ¼ a=ðxþ yÞ1n is the variable magnetic field, and
k1 ¼ k0=ðxþ yÞ1n is the induced porosity parameter. The
space and temperature dependent heat generation/absorption
(non uniform heat source/sink) q000 is defined as
q000 ¼ kUwðx; tÞðxþ yÞv
 
ðAðTw  T1Þf 0 þ BðT T1ÞÞ; ð7Þ
where A and B are parameters of the space and temperature
dependent internal heat generation/absorption. The positive
and negative values of A and B represent heat generation
and absorption respectively. By introducing the following
non-dimensional variables
g ¼
ﬃﬃﬃﬃ
a
vf
r
ðxþ yÞn1=2z; u ¼ aðxþ yÞnf 0ðgÞ; v ¼ bðxþ yÞng 0ðgÞ;
w ¼  ﬃﬃﬃﬃﬃﬃamfp ðxþ yÞn1=2 nþ 1
2
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2
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 
;Figure 2 Velocity profiles fT ¼ T1 þ ðTw  T1ÞhðgÞ; C ¼ C1 þ C1/ðgÞ; ð8Þ
and substituting Eq. (8) into Eqs. (1)–(5) we can get
f 000 þ nþ 1
2
ðfþ gÞf 00  nðf 0 þ g0Þf 0  ðMþ KÞf 0 ¼ 0; ð9Þ
g 000 þ nþ 1
2
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subject to the transformed boundary conditions which are as
follows:
fð0Þ ¼ gð0Þ ¼ 0; f 0ð0Þ ¼ 1; g 0ð0Þ ¼ k; hð0Þ ¼ 1;
Nb/0ð0Þ þNth0ð0Þ ¼ 0;
f 0ð1Þ ! 0; g 0ð1Þ ! 0; hð1Þ ! 0;/ð1Þ ! 0; ð13Þ
Here M is the magnetic field parameter, K is the porosity
parameter, Pr is the Prandtl number, Nb is the Brownian
motion parameter, Nt is the thermophoresis parameter, k is
the ratio of the stretching rate along the y – direction to the
stretching rate along the x – direction and Sc is the Schmidt
number. These parameters can be given as
M ¼ rB20=qa;K ¼ 1=ak0;Pr ¼ m=a;Nb ¼ sDBC1=m;
Nt ¼ sDTðTw  T1Þ=mfT1;
k ¼ b=a; Sc ¼ vf=DB;
ð14Þ
The above equations reduce to the case of two-dimensional
flow when k ¼ 0. At k ¼ 1 the differential system governing the
axisymmetric flow of nanofluid due to non-linearly stretching
sheet is recovered.or different values of M.
Figure 3 Velocity profiles for different values of M.
Figure 4 Temperature profiles for different values of M.
154 C.S.K. Raju et al.The physical quantities of the skin-friction coefficient and
the reduced Nusselt number are calculated by the following
equations:
Cfx ¼ szxqfu2w
; Cfy ¼ szyqfv2w
; Nu ¼ ðxþ yÞqw
kðTw  T1Þ ; ð15Þ
where szx and szy are the wall shear stresses and qw is the wall
heat flux. These are defined as follows:
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@z
þ @w
@x
 
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þ @w
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 
z¼0
;qw ¼k
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@y
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;
ð16ÞUsing (7) in the friction factor and local Nusselt number is
reduced to
CfxRe
1=2
x ¼ f 00ð0Þ;CfyRe1=2y k3=2 ¼ g00ð0Þ;NuRe1=2x ¼ h0ð0Þ;
ð17Þ
where Rex ¼ uwðxþ yÞ=vf and Rey ¼ vwðxþ yÞ=vf are the local
Reynolds numbers along the x and y directions respectively.
The component of velocity at far field condition can be
expressed as
wðx; y;1Þ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
avfðxþ yÞn1
q
nþ 1
2
fð1Þ þ gð1Þ½  ð18Þ
Figure 5 Concentration profiles for different values of M.
Figure 6 Temperature profiles for different values of A.
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The system of nonlinear ordinary differential Eqs. (9)–(12) with
the boundary conditions (13) forms highly non-linear coupled
differential equations. In order to solve these coupled non-
linear differential equations we adopted bvp4c technique in
Matlab package. We consider f ¼ f1; f 0 ¼ f2; f 00 ¼ f3; g ¼ f4;
g 0 ¼ f5; g 00 ¼ f6; h ¼ f7; h 0 ¼ f8;/ ¼ f9;/0 ¼ f10: Eqs. (9)–(12)
are transformed into systems of first order differential
equations as follows:f 0 ¼ f2
f 02 ¼ f3
f 03 ¼  nþ12 ðf1 þ f4Þf3 þ nðf2 þ f5Þf2 þ ðMþ KÞf2;
f 04 ¼ f5
f 05 ¼ f6
f 06 ¼  nþ12 ðf1 þ f4Þf6 þ nðf2 þ f5Þf5 þ ðMþ KÞf5;
f 07 ¼ f8
f 08 ¼ Pr nþ12 ðf1 þ f4Þf8 þNbf8f10 þNtf28 þ 1Pr ðAf2 þ Bf7Þ
 
;
f 09 ¼ f10
f 010 ¼  nþ12 Scðf1 þ f4Þf10  NtNbPr nþ12 ðf1 þ f4Þf8

þNbf8f10 þNtf28 þ 1Pr ðAf2 þ Bf7Þ

;
9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;
ð18Þ
Figure 7 Concentration profiles for different values of A.
Figure 8 Temperature profiles for different values of B.
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f1ð0Þ ¼ f4ð0Þ ¼ 0; f2ð0Þ ¼ 1; f5ð0Þ ¼ k; :::::etc; ð19Þ
Here, we assumed some unspecified initial conditions in
Eq. (19), and Eq. (18) is then integrated numerically as an
initial valued problem to a given terminal point. All these
simplifications are done by using Matlab package.4. Results and discussion
The obtained results show the effects of the non-dimensional
governing parameters, namely magnetic field parameter ðMÞ,
power-law index ðnÞ, the time and space dependent internal
heat generation/absorption ðA;BÞ, Brownian motion
parameter ðNbÞ; thermophoresis parameter ðNtÞ, and
Figure 9 Concentration profiles for different values of B.
Figure 10 Concentration profiles for different values of Nb.
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concentration profiles. For numerical results we considered
n¼1;Nt¼Nb¼0:5;M¼1;A ¼B ¼0:1;k¼0:5;Pr¼1; Sc¼20;
K ¼ 0:5. These values are kept as common in entire study
except the varied values as shown in respective figures and
tables.
Figs. 2–5 show the effect of magnetic field parameter on the
non-dimensionless velocities in x and y directions, and temper-
ature and concentration profiles for n ¼ 1 and n ¼ 4 cases. It is
evident from the figures that an increase in the magnetic field
parameter depreciates the velocity fields and enhances thethermal and concentration boundary layers. In general higher
values of magnetic field parameter develop the opposite force
to the flow, which is called the Lorentz force. This force has
tendency to reduce the velocity fields and enhance the thermal
and concentration boundary layers. It is also interesting to
mention that increase in power-law index (n) decreases the
velocity, temperature and concentration boundary layers.
The effect of non-uniform heat source/sink parameters A
and B on the temperature and concentration profiles is shown
in Figs. 6–9. It is noticed from the figures that an increase
in the values of A and B enhances the thermal and
Figure 11 Temperature profiles for different values of Nt.
Figure 12 Concentration profiles for different values of Nt.
158 C.S.K. Raju et al.concentration boundary layers. The existence of heat source
parameter releases the energy to the flow. This energy helps
to enhance the thermal and concentration boundary layers.
From this we can conclude that the negative values of A
and B act like heat absorbers and positive values act like heat
generators. It is further to mention that the increase in power-
law index (n) depreciates the thermal and concentration
boundary layer profiles.The nano particle volume fraction is a vital parameter for
studying the influences of nano particles on the flow fields
and temperature profiles. Therefore, Fig. 10 shows the effect
of Brownian motion ðNbÞ parameter on concentration profiles
ð/Þ: It is observed reduce in the concentration boundary layer
for higher values of Brownian motion parameter. It also
observed that an increase in the power-law index reduces the
concentration profiles. The influence of thermophoresis
Figure 13 Velocity profiles for different values of k.
Figure 14 Velocity profiles for different values of k.
Dual solutions for three-dimensional MHD flow 159parameter on temperature ðhÞ and concentration ð/Þ profiles is
displayed in Figs. 11 and 12. It is clear from the figures that a
raise in the thermophoresis parameter ðNtÞ enhances the ther-
mal and concentration boundary layer thickness. This is
because different nano particles have different values of Nt.
The effect of stretching ratio parameter on the velocity pro-
files in x and y directions along with the temperature and con-
centration profiles is displayed in Figs. 13–16. Increasing the
value of stretching rate ratio parameter reduces the velocityin x direction, temperature ðhÞ and concentration ð/Þ profiles
but it helps to enhance the velocity in the y direction. Gener-
ally increasing the stretching parameter causes to increase
the pressure on the flow and due to this reason we have seen
a decrease in the concentration and temperature profiles of
flow.
Table 1 depicts the comparison of the present results with
the existed results of Khan et al. [1]. Present results have an
excellent agreement with the existed results under some special
Figure 15 Temperature profiles for different values of k.
Figure 16 Concentration profiles for different values of k.
160 C.S.K. Raju et al.conditions. This proves the validity of the present results along
with the numerical technique used in this study. Table 2 repre-
sents the variation in skin friction coefficients and Nusselt
number for the cases n ¼ 1 and n ¼ 4 at various non-
dimensional governing parameters. It is evident from the table
that increasing the magnetic field parameter reduces the fric-
tion coefficients in x; y directions and heat transfer rate. It isalso interesting to mention that increasing power-law index
ðnÞ reduces the skin friction coefficients and Nusselt number.
A raise in the values of non-uniform heat source/sink and ther-
mophoresis parameters does not show significant influence in
friction factor but it helps to depreciate the Nusselt number.
An increase in stretching ratio parameter depreciates the skin
friction coefficient and enhances the heat transfer rate.
Table 2 Variation in f 00ð0Þ; g 00ð0Þ and  h 0ð0Þ for different non-dimensional governing parameters.
n M A B Nt k f 00ð0Þ g 00ð0Þ h 0ð0Þ
1 1 0.1 0.1 0.5 0.5 1.732051 0.866025 0.339391
2 2.000000 1.000000 0.286746
3 2.236068 1.118034 0.242649
4 1 2.589757 1.294879 0.752019
2 2.777361 1.388680 0.717327
3 2.952742 1.476371 0.685869
1 0 1.581261 0.790631 0.455991
0.3 1.581261 0.790631 0.294384
0.6 1.581261 0.790631 0.132472
4 0 2.490448 1.245224 0.809308
0.3 2.490448 1.245224 0.702654
0.6 2.490448 1.245224 0.595876
1 0 1.581140 0.790570 0.482825
0.1 1.581140 0.790570 0.374247
0.2 1.581140 0.790570 0.228514
4 0 2.490433 1.245216 0.832217
0.1 2.490433 1.245216 0.770925
0.2 2.490433 1.245217 0.704096
1 0.1 1.581139 0.790569 0.459442
0.3 1.581139 0.790569 0.412913
0.5 1.581139 0.790569 0.369894
4 0.1 2.490433 1.245216 0.910407
0.3 2.490433 1.245216 0.837766
0.5 2.490433 1.245216 0.770809
1 0.1 1.449138 0.144914 0.241964
0.4 1.549194 0.619677 0.340933
0.7 1.643168 1.150217 0.423329
4 0.1 2.194881 0.219488 0.616623
0.4 2.419940 0.967976 0.735126
0.7 2.625736 1.838016 0.837824
Table 1 Comparison of the values of f 00ð0Þ and g 00ð0Þ when M ¼ K ¼ A ¼ B ¼ 0.
n k f 00ð0Þ Khan et al. [1] f 00ð0Þ Present study g 00ð0Þ Khan et al. [1] g 00ð0Þ Present study
1 0 1 1 0 0
0.5 1.22474 1.2247431 0.612372 0.6123721
1 1.414214 1.4142141 1.414214 1.4142140
3 0 1.624356 1.6243560 0 0
0.5 1.989422 1.9894221 0.994711 0.9947110
1 2.297186 2.2971860 2.297186 2.2971860
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This study presents the effect of space and temperature depen-
dent heat generation or absorption on three-dimensional mag-
netohydrodynamic nanofluid flow over a nonlinear permeable
stretching sheet. Using similarity transformation, governing
partial differential equations are transformed to nonlinear ordi-
nary differential equations and solved numerically. Numerical
results are discussed with the help of graphs and tables. The
conclusions of the present study are made as follows:
 Increase in the magnetic field parameter reduces the friction
factor and heat transfer rate.
 Positive values of space and temperature dependent heat
source/sink coefficients act like heat generators and nega-
tive values act like observers. An increase/decrease in non-uniform heat source/sink
parameters and thermophoresis parameter does not influ-
ence the friction factor.
 A raise in the value of stretching ratio parameter enhances
the heat transfer rate and depreciates the friction factor.
 Dual solutions exist only for certain range of Power-law
index values.References
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